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For most practical purposes it is sufficient to determine y to
this order of accuracy in order to calculate the attenuation in the
guide. If necessary, however, we can substitute this result back
into (24) in order to determine YV and so calculate the fields in
the guide to O(¢;). These fields then supply boundary conditions
via the continuity equations for the calculation of the next
approximation to the fields in the conductor, which in turn can
be used as boundary conditions for the determination of the next
approximation to the fields in the guide, and so on. In carrying
out this procedure the proper ordering of terms will be automatic
with the field equations in the form given here.

V. SuMMARY

A consistent approximation scheme for lossy waveguides has
been developed which can, in a straightforward manner, be
extended to any order of accuracy desired. Although two small
parameters are involved in the expansion of the fields in the
guide and its walls, the field equations are shown to force the
correct ordering of parameters in this expansion.

REFERENCES

[11 1. D. Jackson, Classical Electrodynamics.

. 334-353.

[2] C. Dragone, “High-frequency behavior of waveguides with finite surface
impedances.” Bell Syst. Tech. J., vol. 60, pp. 89-117, Jan. 1981,

[31 A. E. Karbowiak, “Theory of imperfect waveguides: The effect of wall
impedance,” Proc. Inst. Elec. Eng., vol. 102, part B, pp. 698-709, 1955.

[4] G. J. Gabriel and M. E. Brodwin, “The solution of guided waves in
inhomogeneous anisotropic media by perturbation and variational meth-
ods,” TEEE Trans. Microwave Theory Tech., vol. MTT-13, pp. 364-371,
May 1965.

New York: Wiley, 1975, pp.

Expansions for the Capacitance of a Cross Concentric
with a Circle with an Application

HENRY J. RIBLET, LIFE FELLOW, IEEE

Abstract —Expansions are given for the capacitance per unit length for
the geometry having a cross section in which an equiarmed cross is
concentric with an external circle.

1. INTRODUCTION

Oberhettinger and Magnus [1, p. 61] have considered the
problem of determining the capacitance of a coaxial structure
whose outer conductor has a circular cross section while the cross
section of the inner conductor is a line through the axis. The
problem considered here differs in that the inner conductor has a
cross section which is a symmetric cross centered on the axis of
the outer circular conductor as shown in the z plane of Fig. 1

The transformation

1 1
t= 2 (z + B )

maps the upper left-hand quadrant of the circle in the z plane
onto the upper right-hand quadrant of the ¢ plane of Fig. 1. Here
corresponding points on the boundaries of the two regions are
given the same alphabetical name. Then the upper right-hand
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quadrant of the 7 plane is mapped onto the upper half of the w
plane by the transformation

w=1? ) (2)

Here again, the same letter is used to denote corresponding
points. The capacitance C, of the coaxial structure is four times
the capacitance, in the upper half w plane, between the line
segment fa and the infinite line segment, bg. This capacitance,
C, is given by the well-known formula [2, p. 58]

K(k)
TK(k)

(3)
where, in our case,

_(a—f)(g—b)

RO “
Finally,
K(K)

In this paper, two series for C;, one in terms of § and the other
in terms of p =1— §, are given which have certain theoretical and
practical advantages. Not only do the series give the limiting
behavior of C, as § approaches 0 or 1 but they permit the direct
calculation of G, with sufficient accuracy for most engineering
applications without any resort to elliptic functions.

II. ANALYSIS

If the values for a, b, f, and g, given in the w plane of Fig. 1,
are substituted in (4), it is found that
88%(1+8*
e ‘4’2 (6)
(1+8)

The values of (, given in the middle row of Table I were
obtained by finding k? from (6), for the given values of §, and
then calculating the complete elliptic integrals, K and K’ of (5),
using Landen’s transformation. To obtain an expansion for G, in
terms of &, one may expand (6) in terms of 8% to get

k?=882(1—48% +118% —248¢+458% —76810+ ---) (7)
and then substitute in

LSO Y I UM PSSR I
ety — — 2, + e
i ( * 16384

K K22 327 9
so that finally

K ma-2me— L By By T g
g o _8( 3% T 1634 '
(9

Determining the coefficent of §°2 in (9) in this way requires the
coefficents in (8) up to the coefficent of k32. Those not given in
[3, p. 1219] are provided in the Appendix.

In order to find the expansion for C, in powers of p, find k’?
from (6) and replace 8 with 1—p. Then

1-p/2
1-p+p>/2

k/l — p4

(10)
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Fig. 1. z, ¢, and w coordinate planes.
TABLE I The upper row of data in Table I gives the values of (,
CAPACITANCE OF A CROSS IN A CIRCLE obtained from (13) while the lower row of the table gives values
> : > S = ~ = - = = —  obtained from (14). The expansion (13) gives values of G, with

Co(8) {2 37183 2122 4 05234 97556 04467 33728 9817 |11 2514[15.0037)18 5421
Co 2 8718|8.2122)4 0523 |4 9755[6 0446|7 3372|8 9817|111 2514{15.0099[18 6617

Co(P) 4 9584 (6 04017 3364 (8 9816(11 251415 0099/18 6617
P 6 5 4 3 2 1 05|
and
3 1 39
2_ 4 2 3 4
“=p|14+2p+ -pt—=p ——
k'“=p PSP =3P~ 6P
1 s S 7, (11)
—_—— —_— + — 4+ ... .
7P TP TP
Substitution of (10} in (8) then gives
K 4In2—41 2 ! ’ + >
—_— — — + — —
T n np—=2p+ 20 +cp

1 31 71 41 ’
4 5 6+__ 7 S
TP TP T Tt (12)

Returning then to (5), we have

G (8) =4n/|In2—21nd Lge s By B g
) — _—— pR— +——
0(8) =4n/|In2-2In§ — 32 9%

&332+...)] (13)
16384
and
4 1 5, 1 .
Co(p) =;(4ln2—4lnp—2p+5p2+—6—p +—lgp

31,71 4
g+ | (14
40" " 96° T 224f ) (14)

an error less than 0.05 percent for values of 8 less than 0.9 while
(14) gives values of (, with an error less than 0.02 percent for
values of p greater than 0.6.

III. AN APPLICATION

The coefficients in the expansion of #K’/K in powers of k?
given in [3, p. 1219)], together with the coefficient of k24, are
required to determine the first three powers of 8% in (9). In order
to obtain an additional confirmation of the identity of the
coefficients in the expansions (8) and (9), the coefficients of &9,
k%, k*, and k%2, as given in the Appendix, were found. These
permitted the determination of the coefficent of 832 in (9).

It is clear that the expansion of #K’/K in powers of k is the
same as its- expansion in powers of 8* except for a factor of 4.
This unexpected result can be shown as follows.

The expression for k2, (6), can be rewritten

Wk

- 15
1+ k, (15)

if ky=28%/(1+6%. In turn, k,=2/k, /(1+k,) if k,=08*
Then from [2, p. 73],

K'(k) 1K'(k) 1K'(k) 1K'(8) 6

K(k) 2 K(k) 4 K(ky) 4 K(8%

and (9) is established.
Thus the relationship between k and 8, provided by (6),
establishes a recurrence relationship between the coefficients of
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k? in the expansion of #K’/K. The coefficients of degree,
8(n—3), 8(n—2), 8(n—1), and 8n, are determined by the coeffi-
cients of degree < 2n. That this relationship provides of convinc-
ing check on the accuracy of the expansion of #K’/K, in powers
of k?, is shown in the Appendix.

1IV. EXTENSIONS

A similar argument applies to the case considered by Oberhet-
tinger and Magnus {1, p. 61] when the strip inner conductor is
centrally located. Now we determine the capacitance of the line
segment ea with respect to the infinite line segment bd in the ¢
plane of Fig. 1. Using (4), it is found that k is given by

_ 83(1+8?)
o+t (17

This differs from (6) only in that 8 has been replaced with 8. It
follows then from (16) that, for this case,

K'(k) 1K’(8?)
K(k) 4 K(8) "

2

(18)
Finally
K(k) k(8
K'(k) K'(8?)

The reader will find it interesting to compare this solution with
that given by Nehari [4, p. 293].

The capacitance of a line segment, one of whose ends falls on
the origin, is given by the same expansion. We are now concerned
with the capacitance in the upper half ¢ plane between the

line segment ea and the infinite line segment c¢d. For this case,
using (4),

C,=2

5 )
k ='(1—+'§)—2. (20)
It follows that
K'(k) 1K'(8)
K(k) 2 K(5)

(21)

and
K{(8
C0=4 ( ) .
K'(9)
APPENDIX

Determining (9) from the power series for k2 required addi-
tional terms in the expansion for K(k)/K’(k) given in [3,
p- 1219]. These terms are

(22)

K'(k) 1 1057889591339 N 2069879045935
=— ... 4
K(k) 2 26388279066624 57174604644352
32456762953369 63713529525287
4 %, 30
985162418487296 2111062325329920

512963507737401997
 18446744073709551616
The coefficients in (9) were obtained by using all the coefficients
in (Al), including of course those of [3, p. 1219], in (6), (7), and

(8). The fact that the coefficients in (9) are known to be correct
from (16) is a very convincing indication of the accuracy of (Al).

K24 (A1)

1823

Moreover, it has been found that changing the value of the
coefficient of k3 in (Al) by only one digit in the last place will
alter the coefficient of 8%% in (9).
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New

Equivalent Circuits for Dielectric Posts in a
Rectangular Waveguide

KIYOSHI ISE AND MASANORI KOSHIBA, SENIOR MEMBER, IEEE

Abstract —Scattering by dielectric posts in a rectangular waveguide is
investigated by a combination of the finite and boundary element methods
(CFBEM), and the equivalent circuits are derived. Some of the lossless
dielectric post resonances in a rectangular waveguide can be physically
realized by a lattice circuit, and the interaction between two posts can be
evaluated by this circuit. -

I. INTRODUCTION®

Recently, studies on scattering in waveguides containing di-
electric posts have been reported [1]-[10]. Dielectric resonators
are simple and small in size and ceramic dielectrics are readily
available, so that ceramic dielectrics with high relative permittiv-
ity and temperature stability have been used to design microwave
filters. Sahalos and Vafiadis [4] have considered the design of
bandpass or band-stop filters, and Gesche and Lbochel [7] a
tunable band-stop filter. Hsu and Auda [9] have physically real-
ized lossy dielectric post resonance by a lumped network. We
expect that an equivalent circuit which can represent the dielec-
tric resonance in a rectangular waveguide would be useful for the
design of microwave filters.

We show that some of the lossless dielectric post resonances in
a rectangular waveguide can be physically realized by the lumped
networks. The interaction between two posts in a rectangular
waveguide can be evaluated by these lnmped networks.

II. METHODS

The problems are analyzed by a combination of the finite and
the boundary element method (CFBEM) [10].

The equivalent circuit for a post in a rectangular waveguide is
shown in terms of two-port networks. The T network is com-
monly used. However, it is found that the shunt arm reactance of
the T network decreases with increasing frequency [5], [9]. In the
case where the post structures are symmetrical about some plane
perpendicular to the axis of the transmission line, we can use the
lattice network [9], [13]. It has been shown in [13] that any
two-port network is physically realizable in the lattice form; ie.,
it is unnecessary to use any negative inductances or capacitances
to construct the lattice.
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